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TRACE FORMULAS FOR A CLASS
OF TOEPLITZ-LIKE OPERATORS

BY
HARRY DYM

ABSTRACT

Let Py denote projection onto the space of entire functions of exponential type
= T which are square summable on the line relative to a measure dA and let G
denote multiplication by a suitably restricted complex valued function g. For a
reasonably large class of measures dA, which includes Lebesgue measure dy, it
is shown that trace {(P;GP;)" — PxG"P;} tends boundedly to a limit as T 1 «
and that the limit is independent of the choice of dA within the permitted class.
This extends the range of validity of a formula due to Mark Kac who evaluated
this limit in the special case dA = dy using a different formalism.

1. Introduction

In this paper we shall study the limit as T 1 « of the trace of a class of
Toeplitz-like operators of the form (PrGPr)" in which G stands for the operator
of multiplication, by a suitably restricted complex valued function g, and Py is
the orthogonal projection of L*(R',dA) onto the space I"(dA) of entire
functions of exponential type = T which are square summable relative to the
measure dA(y)=]|h(y)[’dy. We shall assume throughout that

f lﬁgjﬂlﬂ'dy<m

y+1
and shall always take h itself to be an outer function. This is accomplished by
defining

h(a)=lim h(w)
bl0
in which w = a +ib and

_ 1 {1+ yologlh(y)]
(1.1) h(w)—exp{; y_yw Y+ 1 dy;.
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The indicated limit exists pointwise a.e.; see e.g. page 51 of Dym-McKean [9] for
a proof. In additon we shall assume for the moment that

(1.2)  there exists a choice of R = 0 such that hg(y) = ¢ ™h(y) agrees
a.e. on the real axis with the reciprocal of an entire function of
exponential type =R,

although much of the analysis will be carried out under the less restrictive
assumption that

(1.3)  there exists a choice of R = 0 such that hg/h% agrees a.e. on the
real axis with an inner function.

AMPLIFICATION.  If (1.2} is in force and if the exponential type of 1/hr is =R,
then in fact equality must prevail since — b™'log|hz(ib)|]— R as b 1 «. This
follows easily from the formulas displayed in the proof of Lemma 2.1.

NotaTtioN. The limits of integration in the above integrals and all other such
unmarked integrals are *; w* stands for the complex conjugate of the
complex number w, whereas G * will stand for the adjoint of the operator G;

h*(w)=[h(0*)]*, hr(w)=e“"h(w) and hHw)=e “Th*(w).

The space I"(dA) is a proper closed subspace of L*(R', dA) for every choice
of T =0 because of the summability condition imposed on log|h |. Moreover,
because of (1.2), the phase yT + d(y) of

he(y) = h(y)|e T

has non-negative slope T+ 3'(y) on R' for T=Z R (see Corollary 2.2). A
principal conclusion of this paper can now be expressed conveniently in terms of
4’ as follows:

If (1.2) is in effect, and

[1gitr + (o ndy <=

for every choice of T = R, if g is bounded and uniformly continuous and if the
inverse Fourier transform

g'W) =35 [ g0y

is subject to the constraint

[ 1%l ()P <,
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then (PrGPr)" and P;G"Pr are of trace class for every T =0 and every positive
integer n and

trace{(P;GPr)" — PrG"Pr} = trace(P;GPr)" — %J (8N [T+ @' (y))dy

(14) n—-1 ® ky v n-k \v

as T 1 ». Moreover, for suitably small €, the determinant

det[I - 8P’I‘GPT] = exp { — trace 2 [i—r_fﬂ}
n=1

(L5) = exp {1 [ togl1 = eg(nIIT+ 9" )lay

+ [ x(1ogl1 - eg)(x)loglt - eg)(~ x)ax + (1)}
as T 1 o.

Formulas (1.4) and (1.5) were first established in a different formalism in the
special case h = 1 by Mark Kac [15]. Kac took g to be real valued and even and
assumed that [|x]||g*(x)|dx <. These restrictions on g were subsequently
relaxed by Baxter [3], Hirschman [11], [12], [13], and Devinatz [6], [7]; see also
Akhiezer [1] for a different approach, Kac [16] for comments thereon and
Hirschman [14] for a survey and an extensive bibliography. To compare the
present results with those of Kac you have only to notice that if h =1, then
¥'=0 and

trace(PrGP-r)"
(1.6)

T T
= J'_T = -f_T g (X1—x2) g (Xno1— X4)8 (X — X1)dxy -+ - dXn

Identity (1.6) follows from the classical Paley-Wiener theorem which enables
you to express P;f explicitly in terms of f* in case h = 1:

@)= [ frixsedn= [ SHEDD finyan

for f€ L*(R', dy). Consequently you see that

(PeGP:)(©) = [ K& m)f(n)dn
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in which the kernel

_[sinT¢-v) sin T(y —n)
K& f m(£-7) ) m(y—m) 4

and identity (1.6) is now easily deduced from the fact that

b

®

—oo

trace(PrGPrY = [+ [ K6, 6)- K(os 6K (6 )6 d

The strategy of this paper is to show that

tim {trace(PGPry =1 [ [gnI [T+ 9 (1)}

exists and is independent of the choice of h, within the class of A under
consideration. This permits you to evaluate the limit by choosing h =1 and
invoking (the refined version of) Kac’s formula. These results are based in part
upon a preliminary study of the orthogonal projection Ur of L*(R?, dA) onto’

M7(dA)=L*R', dA)O (kD) 'H* + (ht) '"H*) = (h7)'H> N (hy)'H*

under the less restrictive assumption (1.3), in place of (1.2). In particular it is
shown that, for suitably restricted g,

(UT(;IJ‘I‘)'l - UTG"UT

is of trace class for every positive integer n =1 and that

n-—1 o ky v k v
lim tracel(UsGUs)" ~ UsG™Us} = —n 'S, | x (5,(—) (x) (—&7) (- x)dx

n-
n-—

independently of the choice of h. The extra assumption (1.2) then permits you to
identify Pr and Uy for T 20, and to make the evaluation

trace UrG"Ur = trace PtG"Pr = %f [g("[T + ¥'(y)]dy

in terms of the phase ¢ of h for T2 R.
The cognoscenti will perhaps recognize that, in the presence of (1.2),

LT+ 9 W] =TI) R
for T = R, in which

* H*'[H?"] denotes the Hardy space of class 2 over the upper (lower) half-plane.
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Tty = ETBY (T )~ e(T,8%)e"(T.y)
? =2mi(y - B*)

is the reproducing kernel for the de Branges space B(e) alias I (dA) based upon

the function

e(T,y)=[hc(y)]™"

This suggests that formulas akin to (1.4) and (1.5) should hold for the traces of
the operators (PrGPr)" in case that Pr is the projection onto a suitably indexed
family of de Branges subspaces B(e(T, y)) of L*(R', dA) for an even wider class
of measures dA than those considered above. Indeed the main theorems of
Section 5 are stated in the language of J7 () assuming only that (1.3) is in effect
and that | h | is locally summable. This is much less restrictive than (1.2), but still
deals with a case in which the fundamental de Branges spaces of interest are the
spaces I"(dA). The generalizations of the refined Szego limit theorem on the
circle to non-trigonometric polynomials by Davis and Hirschman [4] and by
Askey and Wainger [2] can also be put into the de Branges space formalism by
making T run through the positive integers and defining B(e(T, v)) as a suitably
normed de Branges space of polynomials of degree < T.

2. Prerequisites

In this section a number of the implications of the assumptions on h are
prepared for future use. The first two chapters of Dym-McKean [9] are
suggested for supplementary information on the requisite function theory and
the Hardy spaces H**[H*"] over the upper [lower] half-plane.

The first item of business is to show that (1.2) implies (1.3).

LemMa 2.1. If hn agrees a.e. on the line with the reciprocal of an entire
function of exponential type =< R, then hz/h% agrees a.e. on the line with an inner
function.

Proor. The Nevanlinna formula (see e.g. pages 22-25 of Dym-McKean [9])
applied to (h%)™' yields the bound

log | h(y)|
log]hk(a+zb)|<Rb——f( —ay +b2
lo h
‘Rb'— - a)2+b2

for b >0. At the same time you have
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log| hx(a + ib)| = — Rb +-f_1°£Jﬁllll_

ay+b>“Y

for b > 0 since h is presumed to be an outer function; see (1.1). It follows at once
that

j = hR/h;
is both analytic in the open upper half-plane and subject to the bound
log|j(a+ib)|=0

for b = 0, with equality for b = 0. Therefore j is an inner function and the proof
is complete.

The next item of business is to examine the relationship between the spaces
I"(dA) and M7 (dA).

Lemma 2.2. IT(dA)CM7™(dA) for every T = 0.

Proor. Let f€ I"(dA). Then

f—g—l-ﬁl)-[d <f_gJﬁllullld +fl_0£l_l/_hlﬂnd.y
2+ ,YZ+

v +1

and so the Nevanlinna representation formula may be applied to fr(y) = e”"f(y)
to deduce the bound

. b [ log|f(y)l
log|fr(a + ib)| = - f G —ay+ b dy
for b = 0. At the same time

log|h(a + ib)| = —lﬂgj—hilﬁ—dy

(y—a)+b?

for b >0, since h is an outer function, and so
) b [ log|(fh)(y)[ }
[(frh)(a + ib)| <exp[ (y-a)2+b2d

for b >0, whence fhr = frh is seen to belong to H*":

[ 1he)a+ ibypdas [ 1m)@ray
=|fIa
independently of b > 0. It follows readily that f is orthogonal to (h;)'H* in



Vol. 27, 1977 TRACE FORMULAS 27

L*(R',dA) as is f*, by the same argument. Therefore f is orthogonal to
(h%)'H; also and so must belong to M"(dA). The proof is complete.

AMPLIFICATION. It has already been noted that I7(dA) is a proper closed
subspace of L*(R',dA) for every Tz 0. A proof may be patterned on the
argument given on p. 316 of Dym-McKean [8]; see also page 151 of Pitt [17].
The estimates derived in the verification of Lemma 2.2 come into play in the
former.

Tueorem 2.1 If |h|™ is locally summable, then M"(dA) = I"(dA) for every
T=0.

Proor. Fix T =0 and choose f € MT(dA). In view of Lemma 2.2 you have
only to show that f can be identified with the restriction to R’ of an entire
function of exponential type = T. Since fhr € H** and fh%€ H* you may
presume from the outset that f is defined and analytic in both the open upper
half-plane and the open lower half-plane and that

f(a)= LIEI(} f(a+ib)= Ll{lg f(a—ib) ae.

Moreover, f is locally summable:

c

(f |f(a)|da)2§f_cc I(fh)(a)lzdafc |h(a)|*da <

for 0 < ¢ <, and

+ +£ﬂ)( )2 g'*' gz—z
2J—E—]MIO 4 daéflo a2+1a da+flo a2h+‘i da

a’+1
2
(e g

< 0o,

log|hk(a) ‘da

a’+1

The proof that f may be identified with an entire function of exponential type
= T is now completed by an argument due to Levinson-McKean; see pages
115-116 of Dym-McKean [9] for the details. The type estimate involves a minor
modification of the arguments given there and so the main ideas will be
sketched. The first step is to extract the bound

log|f(Re*)| = TR lsin0|+5ﬁ7‘r—“—91jll—$g_—%% dy

éTR'SinOH——RM_ l_os_li(llld%

m[l-cos8]) v*+R?
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for 0<|@8|< m, from the fact that fhr € H**, fh%€ H> and h is an outer
function. This implies that f is of exponential type = T in the two sectors
w/9=|0|=87/9 and that f(y)e™" [f(y)e’"] is bounded on the rays y =
Re”:0=*=u/9 [0 = =87/9]. But now f is of order =4, as is shown in the
reference cited above, and 27/9 < 7 /4, and so the Phragmén-Lindel6f principle
implies that f(y)e™ [f(y)e’™] is bounded in the sector |0|=x/9
[[7—8|=m/9]. Thus f is seen to be of exponential type = T in the whole
complex plane, and the proof is complete.

NotaTION. {,)s [| |la] stands for the inner product [norm] in L*(R', dA).

THEOREM 2.2. IfIT(dA)#OQ, then it is a reproducing kernel Hilbert space with
reproducing kernel

JT(y)= &L w)e(Ty) - e’(T, w)*e*(T, y)
—27i(y — w¥)

21

based upon the (de Branges) function

o _Ps(1/hy)
@2) ¢ =) = [Pei/hn)s

in which dA°(y)=[n(y*+1)]"'dA(y) and P% is the orthogonal projection of
L*(R', dA°) onto I7(dA°).

Proor. There are two things to show: that J € I"(dA) for every complex
and that

(2.3) flw)=(fT)
for every complex - and every f € I"(dA). The first is self-evident once you
know that e is well defined. But if I"(dA)# 0, then there exists a function
f € I"(dA°) with f(i) # 0 and so the Cauchy formula for H** functions, applied
to (1 - iy)'fhs, implies that
1 h . .
(ko =2 [ LR gy = giyhe i) 0,

y:+1

Hence || P1/h1)|la- # 0 and e is well defined. Since e itself belongs to I"(dA°)
you see that

1= (e, e _ e(T,i)h<(i)
& T TP/ he) s

This proves that e(T, i) >0, since hr(i) >0, and yields the identities
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{f, @ = e(T, i)

and

P " * “(i ) —L(-——l_i
{f, €da=[{f", €] —[el(‘r%] ~e(Ti)

for f € I"(dA°), and the subsequent evaluation

e | T
_le@l-le(T- i)
417

=JT(i)>0.
The last inequality follows from the fact that

e(T,~-i)

ey | =lemaul=lerlef. =1

with equality if and only if

e* =ce

with a constant ¢ of modulus 1. But that in turn would imply that
fi)=cf(=1)

for every f € I"(dA®) which is clearly not the case if I7(dA)# 0.
Now if f and g belong to I"(dA) and w is fixed, then

(8= 0)0)) (1

Y- w

29

belongs to I"(dA®) and is orthogonal to both e and e* in L*(R", dA°). Therefore

e(T, w)J’ e(T,y)*dA(y)

27rz(‘y a))

w

Zm(y ) e*(T,y)*dA(y) =0,

—e*(T, w)f
or, what amounts to the same,

g(0){f, JOs = f(w)(g, JDs.
The choice g = J7 yields the identity
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Ti(@)f, TDa = fl@) TSI

Now suppose that f(i) # 0. Then since J] (i) > 0, you may choose a small disc
about the point i such that

F I _ IR
flw) — Jo(w)

is both analytic and real valued (in fact positive) for all points w in that disc.
Therefore, by the open mapping theorem, there is a constant ¢ such that

flw)=c(f,JDa

for all points  in that disc, and hence for all points @ in the complex plane since
both sides of the equality are entire functions. The choice f=J7 and w =i
implies that ¢ = 1, and so (2.3) is established for those f € I"(dA) with f(i) # 0.
But now if f(i) =0 you may take g € I"(dA) with g(i)# 0 and apply (2.3) to
f+ g and to g separately. Hence, by linearity (2.3) is valid for all f € I"(dA), and
the proof is complete.

AwmpLiFICATION. I7(dA) may be identified as the de Branges space B(e)
based upon the de Branges function e. See Dym-McKean [9] for an introduction
to such spaces and de Branges [5] for a more comprehensive treatment. The
identification (2.2) of e in terms of a projection is adapted from page 315 of
Dym-McKean [8].

CorOLLARY 2.1. Iféi, k =1,2,- -+, is an orthonormal basis for I" (dA), then

24 2 b)) = Ji(w)
for every complex number w.

PrROOF. A double application of (2.3) with f=JI coupled with the Plan-
cherel formula yields the result:

I (@)= (JT D),

H

3 1o IuF

= ;::‘ | (@)

CoroLLARY 2.2. If hg agrees a.e. on the line with the reciprocal of an entire
function of exponential type = R, then M"(dA)=I"(dA) for T =0,
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2.5) e(T,y)=[hr(M]™,
for Tz R, and
(2.6) I (y)= L’ﬂ%ll‘_’{ﬂ 3'(y));

for T=Z R and y € R, in which & denotes the phase of h.

Proor. The first two assertions are an immediate consequence of Theorems
2.1 and 2.2. Formula (2.6) then follows upon substituting (2.5) into (2.1) and
evaluating the resulting expression with w = y real.

3. Preliminary estimates

In this section a number of preliminary estimates related to the growth of the
trace of (UrGUr)" as T 1 « will be derived. Gohberg-Krein [10] is recom-
mended as a general source of information on trace class (alias nuclear) and
Hilbert-Schmidt operators.

NoraTion. ||A|,|A[: and | A |; stand for the usual operator norm, the trace
class norm (i.e., the sum of the s-numbers) and the Hilbert-Schmidt norm of the
operator A, respectively.

LemMa 3.1. If f€ MT(dA), then
(fhy(x)=0 for x<-T
and
(fr*)y(x)=0 for x>T.
Proor. If f€ MT(dA), then fhr € H** and fh'7€ H* . Therefore
(fhr)'(x)=0 for x<0
and
(rD)(x)=0 for x>0.

The rest is plain.
Let p[q] denote the orthogonal projection of L*(R",dy) onto H* [H*"]:

o

pif € LR dy)— [ f(x)eds,

o

q:f€ L*(R', dy)—»Ji f'(x)e™dx
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and let V = V(W = W;] denote the orthogonal projection of L*(R', dA) onto
(k%) '"H** [h7'H?"). Then it is readily checked that

Vif = (h7)'ph1f
and

Wif = (hr) 'ahf,
for f€ L*(R',dA).

WARNING. The dependence of the projections Pr, Ur, Vr and W5 upon T is
often suppressed in order to simplify the typography.

Lemma 3.2. If (1.3) is in effect and T = R, then V;Wr = W;V; =0 and
UT = I_(VT + W’r)

Proor. By assumption hr/h7 is an inner function for T = R and so too for
T = R. Therefore, since H*" is both closed under multiplication by inner
functions and orthogonal to H*", you see that

WirVrf = (hr) 'alhr/hT)ph 1 f
=0
for T= R and f € L*(R’, dA). This proves that
WV =W;V,=0
and hence that
VW= V*W*=(WV)*=0
also. The rest is plain.

Lemma 33. If f€ LR, dA), then
IVif=2n [ |Gh*y()Pd = o), as T,
and
IWifli =27 [ 1y Fdx = o), as T1e

If also (1.3) is in effect and T = R, then

1Usf = fla = | Vaf + Waf [a = | Vif [E+ | Wif & = o ().
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Proor. By the classical Plancherel formula

IWifle= [ 1@hef) )Py = |

[ ey remae| ay
=2n [ 1) ()P
=2 [ () ) P

which clearly tends to zero as T 1 = since (fh)' € L*(R’, dx). The evaluation of
| Vf|la is similar and the final statement drops out from the fact that V and W are
mutually orthogonal projections for T = R.

LemMma 3.4. If g is a bounded function of class L*(R',dy), then the
Hilbert—Schmidt norms of ViGU; and WrGU7r are subject to the bounds$

|v,cu,;§§7=f x|g (x)Pdx,
Q

| WiGU-fis 7= [ [x]]g"(x)Fds.

If also (1.3) is in effect and T = R, then
[(Vr+ Wr)GU =1+ 7.

Proor. Let ¢, k =1,2,---, be any orthonormal basis for M"(dA). Then

IVGa. =27 [ | g™y (x) P

by Lemma 3.3 and so as (\/—2_1_r¢kh *)" is an orthonormal system of functions in
L?[(—, T),dx) [see Lemma 3.1] and

[ 1eoby@ras =" ax| [ gtx=y)@h*y(ray [

you see that

© ® T
VGUE=3, I Vet o= [ dx [ Ig*(x - y)Pdy

= [ ax[ 18+ yoPay = [ xlg w)bas,
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as advertised. The second inequality is proved in much the same way, and the
last is a simple consequence of the first two and the mutual orthogonality of V
and W for T2 R.

LemMma 3.5. If g is a bounded function of class L*(R', dy), and if (1.3) is in
effect and S = T— R =0, then

IV:GW:P= [ [y-2811"()Fdy

and

28
IW:GVilPs [ lly1-28]1g")Fdy.

Proor. If f€ L} R',dA), and S = T~ R =0, then
hTWf = (h1/hr)ahf
belongs to
e " (h&/he)H> Ce™"*H*
since hg/h% is an inner function. Therefore

(hTWf)'(y)=0 for y>—-2S§

and the desired bound on VrGW;r is easily achieved, much as in the proof of
Lemma 3.4:

IVGWrIR =27 [ I(ght Why )

=27rf dx
0

[T ee-nmswyoa |
son["ax [ lg - )Py Iw WY
= [ b-28)Ig »Pay I WrEE

= [ y-28)g"0)ray 17l

since W is a projection. This completes the proof of the first inequality. The
second is proved in much the same way.
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Lemma 3.6.  If g is a bounded function of class LX(R', dy), and if (1.3) is in
effect and T = R, then
[(Vr+ Wr)G"Ur,=m |G| [ + 71"
Proor. Let
an =[(V+ W)G"U),
for m =1,2,---. Then, for m >1,
a, =|(V+W)GU+ V+W)G™"'U|;
=[(V+ W)GUL|G™'U[+[[(V+ W)G[[(V + W)G™ U],
=[G +]|G |l an-,
since V + W and U are projections, and so, by a simple inductive argument,
an =m||G[" ..
But this completes the proof since

a =[r+ 77

by Lemma 3.4.
Lemma 3.7. If g is a bounded function of class L*(R’, dy), then
[ 1y11E"y»)Pdy = mIG 21+ 71,

Proor. Choose h =1 so that dA = dy and M7 (dA)=I"(dA). Then, by a
routine calculation, much as in the proof of Lemma 3.4, you find that

[T iyi-2miemyoray + [ y-27liemy o)k

= I WTGMUT |§+ , VTGmUT |§
= I(V’r + WT)GMUT ‘g
=m*| G 7+ 7]

for every T>0. The bound in the last line comes from Lemma 3.6. It is
independent of T and so you have only to let T | 0 in the integrals to complete
‘the proof.

Now fix an orthonormal basis ¢u, k =1,2,- -, of M"(dA)for T-R=S2=0
and introduce the functions
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_ [V2uthetn)'(x) for |x|=S
““(x)"{ 0 for |x|>$
and
\/Tr(hnwk) (x) for x>S§
b (x) = { for x=8.

Because of Lemma 3.1

u + o = \/Zf(th/lk )V(X).

TueoreM 3.1. If f€ L*(R', dx), and if (1.3) is in effectand S = T- R =0,
then

S iguwh= [ Il

and

S ipors [ i

Norarion. (,)[|| |] denotes the standard inner product (norm) in L? f
denotes the usual Fourier transform for f in LA(R", dx): f(y) = [ f(x)e ™ dx.

ProoFr. Let

fox) = {f(x) for |[x|=S

for [x|>S.

Then

20 [ w) =27 2, [(fo, (VZ2rhaii )" )
= E l<f0’ henc)|?

= 2 I (fo/hR, U )Alz

= Ur(fo/hk)”i
= (fot b )Ifa = | WeFol e )i = || Vo (Fol ).

But now
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G = 1ol =27 [ [f0)Fa,

whereas, by Lemma 3.3,

| WeGlha) = 2 [ 1 Gob ey (o)
- 277[__7 Ifo(x + R)Pdx

=2n fs | fo(x)[Pdx =0,

and

Ve Gutha) = 2 [ 1Goh"The) )P
p f: |(Foh2/he) (x - R)Pdx

— 2 f: |(foh ke ) (x)J2dx = 0;

the final evaluation depends upon the fact that hz/h% is an inner function. This
completes the proof of the first assertion. The second is easier:

Zlwr=3

2

L T f(x)oe(x)*dx

2

,‘Zl ' mfs FO) [(hrin ) (x)]*dx

= [ Ifeorax

S

since the functions V2m(hzthi )" are orthonormal in L*(R, dx). The theorem is
proved.

CoroLLARY 3.1. If f€ L¥R', dx) is bounded, and if (1.3) is in effect and
S=T—-Rz0, then

© 0
Slasersa P2 |xllf )P

and
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28
|x]
.

f'(x)dx.

> lofe s =2 |
k=1
Proor. The evaluations

faferinP=2m [ " ax | [ fe-yymiray |

and

[ ra-yuoa|

-s
| afe™ 6, | = 21rf dx
are made just as in the proof of Lemma 3.3. But now, by Theorem 3.1,
© . -S s
S afericP=2m [ x| Ifc-y)pay
[+] 0
=27rf dxf [f*(x + y)[*dy
—oo —-28

s2n [ =il @

and

® s ©
3 lafess Ps2n | dx| I (x = y)Fay

1) —-28
=21rj dxf [f(x + y)[*dy

28
s2x[ "Iyl

f ()l ay,

as advertised.

4. Principal conclusions for UGU
In this section it will be shown that if (1.3) isineffectand T— R = S = 0, then
(UTGUT)" - UTG"UT

is of trace class for every integer n = 1 and, as T 1 «, the trace of this operator
tends to a limit which is independent of h providing that g is a bounded function of
class L*(R', dy) and v + 7' < . The stated assumptions on h and g will be in
force throughout this section.
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The first step is to make use of the identity Uy = I — (V7 + W), which is valid
for T = R, in order to express (UrGUr)™"" as the sum of 2" terms of the form
U:GL,GL,--- GL.GUr

in which L, i =1,---, n, is equal to either the identity I or to the projection
— (Vr + Wr). Each of these is of trace class and the trace of all but one of them
stays bounded as T 1 «:

TueoreMm 4.1. If L, is equal to either I or to —(Vr + Wy), then

U:GL,G --- L.GUy

is of trace class and
I UTGLlG e L,.GUT '1 § n2” G ”"_1[1’ + T’]

for every T = R and every choice of L, providing that at least one of the L, is set
equal to —(Vr+ Wr).

Proor. Suppose for the sake of definiteness that exactly two of the L; are
equal to — (V + W). Then

UGL,G --- L,GU = UG'(V + W)G*(V + W)G'U

in which r, s, and ¢t are positive integers which sum to n + 1. This exhibits the
indicated operator as the product of two Hilbert-Schmidt operators (see Lemma
3.6) and the bounded operator G’. It is therefore of trace class. Moreover,

|UGL,\G - - - L.GU |, = |UG"(V + W)L| G| |(V + W)G'U

=r|G|

NG G I+ 7]
= |G + '),

by Lemma 3.6. It remains only to check that the same bound prevails for every
permissible choice of the L, i.e., whenever one or more of the L, is chosen equal
to —(V + W). But that is easily done with above calculations as a guide.

THEOREM 4.2.

Itl'ace{((]'r(;UT)rl+1 - (]’r(;'l+l UT},
§ '(UTGUT)"+1 - IJT(}"*’1 U'r '1
=n}|G| [+ 7]

forn=12,.---, and TZ R.
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PrOOF. You have only to decompose (UGU)**'— UG"*'U into a sum of n
distinct pieces of the form
- UG*(V+ wW)(GU)"*
for k =1, --,n, and to extract the asserted inequality from the bound
[UG*(V + WY(GUY" |, =] UGH(V + WYL(V+ W)GU LG |I*
Sk|G| UGV + W)LV + W)GU |,

much as in the proof of Theorem 4.1.
TueoreM 4.3.  If ao, a1, * - -, @ are positive integers which sum to n + 1:

ao+a1+---+am=n+l,
then

UrG*W,G*"WG*- - WrG*Ur
is of trace class for T = R and the limit points of
trace{ UG WG - - - W,G*~U;},
as T 1 », are independent of h.
Proor. The factorization
UG*WG™ - -- WG*U = (UG*W)(G™ - - - WG™-1)(WG=U)

exhibits the indicated operators as the product of two Hilbert-Schmidt operators
(see Lemma 3.6) and a bounded operator. It is therefore of trace class. Now let
Y, k =1,2,---, be the orthonormal basis for M7 (dA) which was fixed for the
proof of Theorem 3.1. Then

2m(WGWG*- - - WG ™, G Y )a
=27(aG*qG ™ - - qG e Thin, G **e " hys )
=(qG* -+ - qGe™ (i + D), G*e™ (il + Bv)),

and a tedious but elementary calculation based upon the isometry exhibited in
Theorem 3.1 shows that

Z (an el'yS" G*%el'ySA >

= 2,”2 qG* - anmewSOk’ G *%e™%0,)
k=1
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for any orthonormal basis 6, k = 1,2, -,of I°(dy)= M*(dy). Therefore it
remains but to show that the contribution of the terms involving #, becomes
negligible as T 1 «. Thus, for example,

S (4G -+ 4 Gme ™y, G**e "5, )]
k=1
= ”qu .. .an..._,"kZI "anmeinﬁk ”"qG*aueinﬁk "

<161 {3, JaGme a3, fag e o |

sG] [ T lxliemyords [ Ixll@ =y mPar”

—oo

= o(1),

as T 1 »; the bounds in the last two lines are taken from Corollary 3.1 and
Lemma 3.7. A similar estimate shows that

310G+ G5, G e (6 + )] = o(1),
as T 1 =, to complete the proof.
Much the same sort of argument serves to prove
THEOREM 4.4. If ao, ay, - - -, a. are positive integers which sum ton + 1, then
UrG*V:G* VG- ViG*Ur
is of trace class for T = R and the limit points of
trace{ UrG >V G - - - Vo:G*~Ur},
as T 1 », are independent of h.

AMPLIFICATION. An elementary calculation shows that if h*(y)= h(—y)and
g is even and if ¢, k = 1,2, -, is an orthonormal basis for M (dA) which is
chosen so that each term is either even or odd, then

(ViG*ViG* -+ - ViG by, G* i )a
= (W,:GW G- - - WiG ¢y, G"“d’k)A-

(The fundamental fact here, as the referee has kindly pointed out, is that the
mapping  f(y)—f(—y) gives a unitary equivalence  between
PG*VG™--- VG*P and PG*WG* .- WG*~P.) Therefore the traces of the
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corresponding operators, which are independent of the choice of basis, must
match:

trace L]’r(;u"‘/-r(;ml o V’rGu UT trace (J‘;‘G%VVTC;”l e WTGQ"'UT.

This gives an independent proof of Theorem 4.4 in the special case that
h*(y)=h(—v) and g is even.

The main theorem for UGU is now at hand;

THEOREM 4.5. If g is a bounded uniformly continuous function of class
L*(R',dy), if r+ 7' < and if (1.3) is in effect, then

((]’r(;lj'r)'l - UTG"UT

is of trace class for every integer n=1 and all T=Z R and
11m trace[(UrGU+) — UrG"Ur] = —nz ( ) (x)( ) (—x)dx

independently of h.

Proor. Theorem 4.2 insures that (UrGUr)" — UrG"Ur is of trace class for
n=1,2,---, and T 2 R. The rest of the proof is perhaps best understood by
focusing on the case n = 3. To begin with

(UGUY - UG*U = UGUGUGU - UG*U

= — UG(V + W)G*U - UGV + W)GU
+ UG(V + W)G(V + W)GU,

for T= R. But as
|[UGWGVGU |, =|UGW |,| WGVGU |,
=[|WGV||UGW|,| VGU | = o(1)
as T 1 o, in view of Lemmas 3.4 and 3.5, and (by the same argument)
[UGVGWGU |, = 0(1)

as T 1 , you see that

trace{(UGUY — UG*U} = trace{ - UG(V + W)G*U
- UGHV + W)GU + UGVGVGU + UGWGWGU}+ o(1),
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as T 1 . Theorems 4.3 and 4.4 now permit you to conclude that the limit points
of

trace{(UrGUr)’ — UrG>U+}

as T 1 « are independent of h. They may therefore be evaluated by choosing
h = 1. In that case Uy = Py forall T = 0, UG’ Ur is of trace class (as will follow
from Lemma 5.1) and, by (1.6),

trace U;G*Ur = trace PrG*Pr

v T
-21@Y =< [ (gnPdy.
Moreover, by another application of (1.6),

trace{(UrGUr)’ — UsG>Ur} = trace{(P;GP:)’ — PxG*Pr}

= _”ﬁi gv(xl—xz)gv(xz—xg)gv(xg—xl)dx,dxzdxr%f [g(y)dy

and, as T 1 o, this tends to the limit indicated in the statement of the theorem,
as follows from the refined version of Kac’s formula; see, e.g., theorem 5.7 of
Devinatz [7]. This completes the proof for the case n = 3 since the existence of a
limit is equivalent to there being only one limit point. Much the same sort of
argument works for general n.

AMmrLIFICATION. To extract the trace formula in the special case h = 1 from
theorem 5.7 of Devinatz you should identify the function k [K] in Devinatz with
eg [eg"’] and check first that if £ is small enough and if say g and g* are
summable and 7 + 7' < oo, then both the permanent assumption (4.5) of Devinatz
and the hypotheses of his theorem 5.7 are met. The requisite formulas for such
functions g then follow by matching powers of . Now if g is only subject to the
hypotheses of our Theorem 4.5, then

) .
= ] gy +m)dn j g (x) S0 4y

(7) = ~2 2 =
& 1+ 67y 1+67

in addition to meeting the same hypotheses, is also summable for every 8 >0 as
is

gi) = [ 8= )20) exp(- Iy [07dy.



44 HARRY DYM Israel J. Math.

Therefore
lim trace{(PrGoPr)" — PrG3Pr} = K.(8)

in which «,(g) designates the limit claimed in the statement of the Theorem and
P, is the projection onto I"(dy). The same results are then obtained for g by
letting @ | 0. We shall sketch the proof for n = 3. To justify passing from G, to
G on the left it is enough to show that

|PG(V + W)GPGP — PG,(V + W)GePG,P|, = 0(1)
and
|PG*(V + W)GP — PG3(V + W)G,P|, = 0(1)
uniformly in T as 6 | 0, since
(PGPY’ - PG’P = — PG(V + W)GPGP - PG*(V + W)GP.
But the second of these is equal to
|[P(G*- GY)(V+ W)GP + PG3(V + W)(G - Gs)P|,

=|P(G*— G)(V + W)L|(V + W)GP |, +| PGV + W)|,|(V + W)
x (G — G,)P|,

which tends to 0 uniformly in T as | 0 in view of Lemma 3.4 and the fact that

@ llg*-gsl-—0
and

i) [1x]](g" - g5)"(x)Pdx —0
for k =1,2,--+, as 8 | 0. The first is disposed of in much the same way. The
justification of (i) depends upon the fact that lim;,;.|g(y){ = 0; see page 115 of
Devinatz [7] for details on the latter. The justification of (ii) is tedious but
straightforward (with the help of (i)). It now remains only to check that

lim k»(g0) = . (8)

but that is an immediate consequence of (ii).

5. Principal conclusions for PGP

The present objective is to study the trace of PrGPr. Recall that if |h |7 is
locally summable, then, by Theorem 2.1, I"(dA)= MT"(dA) for every T=0.



Vol. 27, 1977 TRACE FORMULAS 45

Consequently the results derived in Section 4 for Ur become applicable to Pr
also and can in fact be put into a more concrete form since the trace of PGPr
may be expressed explicitly in terms of J7 (y):

LEmMmA 5.1. If T=0, and if

[1em1rzdam <,

then the operator (PrGPr)" is of trace class forn =1,2,---, and

trace PrGPr = 1 [ g(IT(1)AA()

Proor. Fix T =0, choose an orthonormal basis ¢., k = 1,2, -, of I"(dA)
and let G° denote multiplication by |g|. Then, in view of identity (2.4),

S (PG P duha = 3, (g1 i)

- [1sn1zndae),

But now as PyG°P; is non-negative and the sum is finite by assumption it follows
that PrG°P: is of trace class, Much the same sort of argument implies that
Pr(G°— Gr)Pr and Pr(G°— G;)P: are of trace class, where Gr[G;] stands for
multiplication by the real [imaginary] part of g. Hence

PTGPT = PTGOPT_PT[GO_ GR]PT+ i{PTGoPT_PT[Go" GI]PT}

and (PrGPr)", n =2,3,---, are of trace class since that class is closed under
addition and under multiplication by bounded operators. Moreover, another
application of (2.4) yields the formula

trace PGPy = 3 (G, 60 = [ g(MIT(1)AAR)

=1
and the proof is complete.
AwMmprLIFICATION. If P;GPr is of trace class, then so is
P,GP. = P.(PrGPr)P_
for0=SL=T.

TheoreM 5.1. If (1.3) is in effect and |h|™ is locally summable, if

[lemirzmasm <=
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for every T=0, if g is a bounded uniformly continuous function of class
L*(R',dy) and if

[T+ 7] <o,

then (P+GPr)", n=1,2,---, is of trace class for T=0 and

tim {race(P:GPr)" - [ 8T (r)dA ()}

=—n§_: ( )(x)( )( x)dx
k=1 J0O
independently of the choice of h, within the permissible class.

Proor. Since Pr = Uy for T = 0, by Theorem 2.1, you have only to combine
the implications of Theorem 4.5 and Lemma 5.1.

THEOREM 5.2. If g enjoys the properties attributed to it in Theorem 5.1 and if
|e| is sufficiently small, then

i £"( PTGPT )"

is of trace class for T = R and the determinant

det(I — ePrGPr) = exp { — trace », E_(M}

n=1 n

= exp { [ 10gl1 - eg (VT (r)da)
+ [ (ogl1 - egly(x)logl1 - eg](~ x)dx + o1,

as T 1 o,
Proor. Let
a,(T) = trace{(P+GPr)" — PrG"Pr}.
Then, by Theorem 4.2, you know that
lan(T)| = (n = 1| G [ + 7]

for every T = R. Therefore, by dominated convergence,
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for || < (|G[)". But this is the same as to say that

log det(I - eP;GPr) ~ f log[1 - eg(v)}J 7 (¥)dA(y)
= ] " x(log[1 - £g])"(x)(og[1 — £g])* (- x)dx + o(1),

as T 1 =, as advertised.

It is worth emphasizing that under (1.2) both the conditions and conclusions of
Theorems 5.1 and 5.2 can be expressed more concretely in terms of the phase ¢
of h:

CoroLLARY 5.1.  If (1.2) is in effect, then you may set

I (y)dA(Y) == [T+ 9'(y)dy

for T=Z R in both the hypotheses and conclusions of Theorems 5.1 and 5.2.
Moreover, | k|7 is locally summable and (1.3) is fulfilled.

Proor. You have only to invoke Corollary 2.2 and Lemma 2.1.

AMpLIFICATION. The conclusions of Theorem 5.2 can be reformulated in a
more classical vein since P-GPr can be expressed as an integral operator K,
with kernel

Ke(§m) = [ TEB0TT(n)dAG)

for real £ and 7, and the definition given for the determinant of I — ¢P;GPr
coincides with the classical Fredholm determinant of I — ¢K;. It can also be
expressed in terms of the eigenvalues A;(T), j =1,2,--- of PrGPr:

det(I — eP:GPr) =[] [1- eA(T)).

If P;GPr has no eigenvalues, as is conceivably the case if G# G*, then the
product is just taken equal to 1. Gohberg—Krein [10] is suggested for additional
information on such matters.
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